Twisted first homology groups of the automorphism group of a free group  by Satoh, Takao
Journal of Pure and Applied Algebra 204 (2006) 334–348
www.elsevier.com/locate/jpaa
Twisted ﬁrst homology groups of the automorphism
group of a free group
Takao Satoh
Graduate school of Mathematical Sciences, University of Tokyo, 3-8-1 Komaba, Tokyo 153-8914, Japan
Received 28 April 2004; received in revised form 26 August 2004
Available online 27 June 2005
Communicated by E.M. Freidlander
Abstract
The automorphism group Aut Fn and outer automorphism group Out Fn of a free group Fn of rank
n act on the abelianized groupH of Fn and the dual groupH∗ ofH. The twisted ﬁrst homology groups
of Aut Fn and Out Fn with coefﬁcients in H and H∗ are calculated.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction
Let Fn be a free group of rank n and Aut Fn be an automorphism group of Fn. There are
remarkable results of the homology groups of Aut Fn with trivial coefﬁcients. For example,
Gersten [2] showedH2(Aut Fn,Z)=Z/2Z for n5 and Hatcher andVogtmann [3] showed
Hi(Aut Fn,Q) = 0 for n1 and 1 i6, except for H4(Aut F4,Q) = Q. However, there
are very few computations of twisted homology groups of Aut Fn.
Fix a free basis Y of Fn. Since the abelianized group H of Fn is isomorphic to Zn,
abelianization induces a homomorphism  : Aut FnAutH = GL(n,Z). The map 
induces the action of Aut Fn on H, and hence the dual group H ∗ = HomZ(H,Z) of H.
We denote by Out Fn, the outer automorphism group of Fn. Since  induces a natural map
¯ : Out FnGL(n,Z), Out Fn also acts on H and H ∗. In this paper, we calculate the
twisted ﬁrst homology groups of Aut Fn and Out Fn with coefﬁcients in H and H ∗. Let
E-mail address: takao@ms.u-tokyo.ac.jp.
0022-4049/$ - see front matter © 2005 Elsevier B.V. All rights reserved.
doi:10.1016/j.jpaa.2005.05.001
T. Satoh / Journal of Pure and Applied Algebra 204 (2006) 334–348 335
det : GL(n,Z) −→ {±1} be the determinant map. The groups Aut+ Fn = ker(det ◦) and
Out+ Fn = ker(det ◦¯) are called the special automorphism group and the special outer
automorphism group of Fn, respectively. The following theorem is our main result.
Theorem 1. For n2, we have
(1) If n = Aut Fn or Aut+ Fn,
H1(n,H) =
⎧⎪⎨
⎪⎩
0 if n4,
Z/2Z if n = 3,
Z/2Z ⊕ Z/2Z if n = 2 and 2 = Aut F2,
Z ⊕ Z/2Z if n = 2 and 2 = Aut+F2,
H1(n,H
∗) =
{
Z if n4,
Z ⊕ Z/2Z if n = 2, 3.
(2) If n = Out Fn or Out+ Fn,
H1(n,H) =
{
0 if n4,
Z/2Z if n = 2, 3,
H1(n,H
∗) =
{Z/(n − 1)Z if n4,
Z/2Z ⊕ Z/2Z if n = 3,
Z/2Z if n = 2.
In Section 2, we introduce Gersten’s ﬁnite presentation for Aut+ Fn. We simplify his
presentation using Titze transformations. In Section 3, we use it to calculate the ﬁrst co-
homology group of Aut+ Fn. In Section 7, we give some consequences of our results. We
show that the generator of H 1(Aut+ Fn,H) = Z is induced by the Magnus representation
of Aut+ Fn. This shows that the natural map Mg,1 ↪→ Aut+ F2g induces an isomorphism
H 1(Aut+ F2g,H) → H 1(Mg,1, H) where Mg,1 is the mapping class group of a surface of
genus g with one boundary component.
2. A presentation for the special automorphism group of a free group
In this section,we introduceGersten’sﬁnite presentation forAut+ Fn. LetY={y1, . . . , yn}
be a free basis of Fn and let Y±1 = {y|y or y−1 ∈ Y }. For any a, b ∈ Y±1 with a = b±1,
deﬁne the Nielsen automorphismEab by the rule a → ab, c → c if c ∈ Y±1\{a±1} and let
wab =EbaEa−1bEb−1a−1 . The map wab induces a permutation  of Y±1 a → b−1, b → a,
called the monomial map determined by wab. Gersten [2] showed that Aut+ Fn has the
following presentation.
Theorem 2.1 (Gersten [2]). For n3, a presentation for Aut+ Fn is given by the genera-
tors Eab and relations:
(R1) E−1ab = Eab−1 ,
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(R2) [Eab,Ecd ] = 1, a = c, d±1, b = c±1,
(R3) [Eab,Ebc] = Eac, a = c±1,
(R4) wab = wa−1b−1
(R5) w4ab = 1.
Here [, ] denotes the commutator bracket: [x, y] = xyx−1y−1.
Remark 2.1. Gersten [2] also showed that if n = 2, the group Aut+ F2 has a presentation
which is given by the generators Eab subject to the relations (R1)–(R3), (R5) and
(R4)′ : w−1ab Ecdwab = E(c)(d),
where  is the monomial map determined by wab.
Theorem 2.2. For n3, a presentation for Aut+ Fn is given by the generators Eyiyj and
E
y−1i yj
subject to the relations:
(R2-1) [Eyiyj , Ey−1i yj ] = 1,(R2-2) [Eyiyj , Eykyj ] = 1,
(R2-3) [E
y−1i yj
, Eykyj ] = 1,
(R2-4) [E
y−1i yj
, E
y−1k yj
] = 1,
(R2-5) [Eyiyj , Ey−1i yk ] = 1,(R2-6) [Eyiyj , Eykyl ] = 1,
(R2-7) [E
y−1i yj
, Eykyl ] = 1,
(R2-8) [E
y−1i yj
, E
y−1k yl
] = 1,
(R3-1) [Eyiyk , Eykyj ] = Eyiyj ,
(R3-2) [E
yiy
−1
k
, E
y−1k yj
] = Eyiyj ,
(R3-3) [E
y−1i yk
, Eykyj ] = Ey−1i yj ,(R3-4) [E
y−1i y
−1
k
, E
y−1k yj
] = E
y−1i yj
,
(R4-1) wyiyj = wy−1i y−1j ,
(R5-1) w4yiyj = 1,
where E
yiy
−1
j
is understood to be E−1yiyj .
Proof. WeapplyTietze transformations toGersten’s presentation. First, by (R1),we remove
the generators E
yiy
−1
j
and from now on, E
yiy
−1
j
is understood to be E−1yiyj whenever Eyiy−1j
occurs.
Since both relations [Eab−1 , Ecd ] = 1 and [Eab,Ecd−1 ] = 1 follow from the relation[Eab,Ecd ] = 1, we can remove the relations [Eay−1i , Ecd ] = 1 and [Eab,Ecy−1i ] = 1 by
Tietze transformations. So it sufﬁces to consider the relation [E
y±1i yj
, E
y±1k yl
] = 1. Put
E = {y±1i , y±1j , y±1k , y±1l } for 1 i, j, k, ln.
Case I: E = 4.
T. Satoh / Journal of Pure and Applied Algebra 204 (2006) 334–348 337
In this case we have the following two cases: one is i=k, j = l and the other is i= l, j =k.
But, by the given condition a = c, d±1, b = c±1, the latter case never occurs. Furthermore,
by the condition a = c, we obtain [E
y±1i yj
, E
y∓1i yj
]=1. Since the relation [E
y−1i yj
, Eyiyj ]=1
follows from [Eyiyj , Ey−1i yj ] = 1, we can remove it by Tietze transformations. Hence we
obtain (R2-1).
Case II: E = 6 or 8.
Similar to Case I, we obtain the relations (R2-2)–(R2-8).
Next, since the relation [Eab,Ebc−1 ]=Eac−1 follows from the relation [Eab,Ebc]=Eac,
we can remove the relation [Eab,Eby−1i ] = Eay−1i by Tietze transformations. Hence we
obtain (R3-1)–(R3-4). Observing that E
yiy
−1
j
=E−1yiyj , the relation wy−1i yj =wyiy−1j follows
from the relation wyiyj = wy−1i y−1j . So we obtain (R4-1). Finally, we see that the relations
w4
y±1i y
−1
j
= 1 and w4
y−1i yj
= 1 follow from (R4-1) and (R5-1). This completes the proof. 
Remark 2.2. Similarly, Aut+ F2 has a presentation given by the generators Eyiyj and
E
y−1i yj
subject to the relations (R2-1)–(R3-4), (R5-1) and
(R4-1)′ w−1yiyj Eykylwyiyj = E(yk)(yl ),
(R4-2)′ w−1yiyj Ey−1k ylwyiyj = E(y−1k )(yl ),
where  is the monomial map determined by wyiyj .
3. The special automorphism group of a free group
Until Section 5,we assumen3. In general, for a groupG andG-moduleM, we denote by
Cros(G,M) and Prin(G,M) the abelian groups of crossed homomorphisms and principal
homomorphisms from G to M, respectively. For any integer q1, let Aq = H⊗Z(Z/qZ)
andA∗q =H ∗⊗Z(Z/qZ). LetM=H ,H ∗,Aq orA∗q . First, we calculate Cros(Aut+ Fn,M),
and hence H 1(Aut+ Fn,M) using the presentation for Aut+ Fn obtained by Theorem 2.2.
In this paper, any element of M is written as a column vector and M is understood to be a
left Aut Fn-module. So, Ey±1i yj acts on H (or Aq ) or H
∗ (or A∗q ) by the left multiplication
of the following matrices:
E
y±1i ,yj
=
i
j
⎛
⎜⎜⎜⎝
1 0 · · · 0
0
. . . ∓ 1 ...
... 0
. . . 0
0 · · · 0 1
⎞
⎟⎟⎟⎠ or (Ey±1i ,yj )
∗ =
j
i
⎛
⎜⎜⎜⎝
1 0 · · · 0
0
. . . ± 1 ...
... 0
. . . 0
0 · · · 0 1
⎞
⎟⎟⎟⎠ ,
respectively, where the symbol l indicates the lth row or the lth column of these matrices.
Proposition 3.1. For n3, we have
H 1(Aut+ Fn,H) = Z.
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Proof. First, we observe principal homomorphisms. For any f ∈ Prin(Aut+ Fn,H), there
exists some
x =
⎛
⎝x1...
xn
⎞
⎠ ∈ H
such that
f (E
y±1i yj
) = E
y±1i yj
x − x = j
⎛
⎜⎜⎜⎜⎜⎝
0
...
∓ xi
...
0
⎞
⎟⎟⎟⎟⎟⎠ .
Each of the entries of the above vector, except for the jth component, is zero.
Next, we observe crossed homomorphisms. Let f ∈ Cros(Aut+ Fn,H) and set
f (Eyiyj ) =
⎛
⎝x1(i, j)...
xn(i, j)
⎞
⎠ , f (E
y−1i yj
) =
⎛
⎝x
′
1(i, j)
...
x′n(i, j)
⎞
⎠
. (1)
For any distinct i, j and k, since f preserves the relation (R2-5), we have
f (Eyiyj ) + Eyiyj f (Ey−1i yk ) − Ey−1i yk f (Eyiyj ) − f (Ey−1i yk ) = 0.
This equation is equivalent to
(I − E
y−1i yk
)f (Eyiyj ) + (Eyiyj − I )f (Ey−1i yk ) = 0
and to
i j k
i
j
k
⎛
⎜⎜⎜⎜⎜⎝
0 0 · · · · · · 0
0 0 0 0
...
... 0 0 0
...
... 1 0 0 0
0 · · · · · · 0 0
⎞
⎟⎟⎟⎟⎟⎠
⎛
⎝x1(i, j)...
xn(i, j)
⎞
⎠+
i j k
i
j
k
⎛
⎜⎜⎜⎜⎜⎝
0 0 · · · · · · 0
0 0 0 0
...
... −1 0 0 ...
... 0 0 0 0
0 · · · · · · 0 0
⎞
⎟⎟⎟⎟⎟⎠
⎛
⎝x
′
1(i, k)
...
x′n(i, k)
⎞
⎠= 0.
Hence, we have
xi(i, j) = x′i (i, j) = 0. (2)
By the same argument, observing the relations (R2-2) and (R2-4), we obtain
xk(i, j) = xi(k, j), (3)
x′k(i, j) = x′i (k, j). (4)
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From (R3-1), we have
(I − Eyiyj Eykyj )f (Eyiyk ) + (Eyiyk − Eyiyj )f (Eyiyj ) = 0
and
i j k
i
j
k
⎛
⎜⎜⎜⎜⎜⎝
0 0 · · · · · · 0
0 0 0 0
...
... 1 0 1
...
... 0 0 0 0
0 · · · · · · 0 0
⎞
⎟⎟⎟⎟⎟⎠
⎛
⎝x1(i, k)...
xn(i, k)
⎞
⎠+
i j k
i
j
k
⎛
⎜⎜⎜⎜⎜⎝
0 0 · · · · · · 0
0 0 0 0
...
... 1 0 0
...
... −1 0 0 0
0 · · · · · · 0 0
⎞
⎟⎟⎟⎟⎟⎠
×
⎛
⎝x1(k, j)...
xn(k, j)
⎞
⎠
=
⎛
⎝x1(i, j)...
xn(i, j)
⎞
⎠
.
Hence, we obtain
xl(i, j) = 0, l = j, k, (5)
xj (i, j) = xi(k, j) + xk(i, k), (6)
xk(i, j) = −xi(k, j). (7)
Furthermore, observing (R3-2) and (R3-3), we also obtain
x′l (i, j) = 0, l = j, k, (8)
xk(i, j) = x′i (k, j) (9)
x′j (i, j) = x′k(i, k) − xi(k, j), (10)
Finally, from (R4-1), we have
f (wyiyj ) = f (Eyj yi ) + Eyjyi f (Ey−1i yj ) − wyiyj f (Ey−1j yi )
=
i
j
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
x1(j, i) + x′1(i, j) − x′1(j, i)
...
xi(j, i) + x′i (i, j) − x′j (i, j) + x′j (j, i)
...
xj (j, i) + x′j (i, j) − x′i (j, i)
...
xn(j, i) + x′n(i, j) − x′n(j, i)
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
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and
f (w
y−1i y
−1
j
) = − E
y−1j y
−1
i
f (E
y−1j yi
) − E
y−1j y
−1
i
E
yiy
−1
j
f (Eyiyj )
+ E
y−1j y
−1
i
E
yiy
−1
j
f (Eyj yi )
=
i
j
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
−x′1(j, i) − x1(i, j) + x1(j, i)
...
−x′i (j, i) + x′j (j, i) + xj (i, j) − xj (j, i)
...
−x′j (j, i) − xi(i, j) + xi(j, i) − xj (i, j)
...
−x′n(j, i) − xn(i, j) + xn(j, i)
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.
Observing the ith or jth rows, we obtain
xj (i, j) + x′j (i, j) = xi(j, i) + x′i (j, i). (11)
If i, j and k are distinct, by (3) and (7), we see that 2xk(i, j) = 0 and hence xk(i, j) = 0.
By (9), we also see that x′k(i, j) = 0. So, observing (6) and (10), we see that xj (i, j) and
x′j (i, j) are independent of the choice of j which is distinct from i. We denote them by zi
and z′i , respectively. Furthermore, by (11), we see that zi + z′i = zj + z′j for any i and j. So
we obtain
f (Eyiyj ) = j
⎛
⎜⎜⎜⎜⎜⎝
0
...
zi
...
0
⎞
⎟⎟⎟⎟⎟⎠ , f (Ey−1i yj ) = j
⎛
⎜⎜⎜⎜⎜⎝
0
...
z′i
...
0
⎞
⎟⎟⎟⎟⎟⎠ . (12)
On the other hand, we see that a map f : X → H deﬁned by (12) preserves all rela-
tions (R2-1), . . . , (R5-1). Hence f is uniquely extended to a crossed homomorphism from
Aut+ Fn into H. Therefore we have an isomorphism
1 : Cros(Aut+ Fn,H) −→Zn+1
given by 1(f ) = (z1, . . . , zn, z1 + z′1). Considering a surjective homomorphism 2 :
Zn+1 −→ Z given by 2(w1, . . . , wn,wn+1) = wn+1, we see that the kernel of 2 ◦ 1 is
exactly equal to Prin(Aut+ Fn,H). Hence we obtain H 1(Aut+ Fn,H) = Z for n3. This
completes the proof of Proposition 3.1. 
Proposition 3.2. Let q2 and e1 be positive integers. For n3, we have
H 1(Aut+ Fn,Aq) =
{
Z/qZ if (q, 2) = 1,
Z/qZ ⊕ Z/2Z if n = 3 and q = 2e.
Proof. Principal homomorphisms are calculated in the same way as Proposition 3.1. So, it
sufﬁces to calculate crossed homomorphisms. For f ∈ Cros(Aut+ Fn,Aq), set f (Ey±1i ,yj )
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like (1). If (q, 2)= 1, we can show H 1(Aut+ Fn,Aq)=Z/qZ in the same way as Proposi-
tion 3.1 since 2 ∈ Z/qZ is an invertible element.
Let q = 2e. First, we consider the case where n4. For distinct indices i, j and k, there
is some index l such that l = i, j, k. Since f preserves the relation (R2-7), we obtain
xk(i, j) = x′k(i, j) = 0. With these results, we show that H 1(Aut+ Fn,Aq) = Z/qZ in a
manner similar to Proposition 3.1.
Next we consider the case where n=3. Similar to Proposition 3.1, we have that xi(i, j)=
x′i (i, j) = 0 and 2xk(i, j) = 0 for distinct indices i, j and k. By (7) and (9), we see that
xk(i, j) = xi(k, j) = x′k(i, j) = x′i (k, j). We denote them by yj . By (6),
xi(k, j) = xj (i, j) − xk(i.k).
If we exchange the roles of k and j, we have
xi(j, k) = xk(i, k) − xj (i, j).
So we obtain xi(k, j)=−xi(j, k); hence, yi = yj . This shows that yi is independent of the
choice of the index i. We put y = y1 = y2 = y3. By (6) and (10),
xj (i, j) + x′j (i, j) = xk(i, k) + x′k(i, k).
Hence wemay put zi =xj (i, j)+x′j (i, j) for each i. Furthermore, by (11), we obtain zi =zj
and put z = z1 = z2 = z3. So we have
f (Eyiyj ) =
i
j
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
y
...
0
...
xj (i, j)
...
y
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, f (E
y−1i yj
) =
i
j
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
y
...
0
...
x′j (i, j)
...
y
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (13)
On the other hand, we see that a map f : X → Aq which is deﬁned by (13) preserves
all the relations of the presentation for Aut+ F3. This shows that f is uniquely extended to
a crossed homomorphism from Aut+ F3 into Aq . Therefore we have an isomorphism
1 : Cros(Aut+ F3, Aq) −→(Z/qZ)4 ⊕ Z/2Z
given by 1(f ) = (x2(1, 2), x1(2, 1), x1(3, 1), z, y). Considering a surjective homomor-
phism 2 : (Z/qZ)4 ⊕ Z/2Z −→ Z/qZ ⊕ Z/2Z given by 2(w1, w2, w3, z, y) = (z, y),
we see that H 1(Aut+ F3, Aq) = Z/qZ ⊕ Z/2Z. This completes the proof of Proposi-
tion 3.2. 
Proposition 3.3. For any n3, we have
H 1(Aut+ Fn,H ∗) = 0.
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Proof. For any f ∈ Prin(Aut+ Fn,H), there exists some
x =
⎛
⎝x1...
xn
⎞
⎠ ∈ H ∗
such that
f (E
y±1i yj
) = (E
y±1i yj
)∗x − x = i
⎛
⎜⎜⎜⎜⎜⎝
0
...
± xj
...
0
⎞
⎟⎟⎟⎟⎟⎠ .
Next, we observe crossed homomorphisms. Let f ∈ Cros(Aut+ Fn,H ∗) and set f (Ey±1i yj )
as in (1). For distinct indices i and j, from (R2-3), we obtain
xj (i, j) = x′j (i, j) = 0. (14)
For distinct indices i, j and k, from (R2-5) we obtain
xk(i, j) + x′j (i, k) = 0. (15)
Furthermore, we obtain
xl(i, j) = x′l (i, j) = 0, l = i, k, (16)
xk(i, j) = −xj (i, k), (17)
x′k(i, j) = −x′j (i, k), (18)
xi(i, j) = xk(k, j) − xj (i, k), (19)
xi(i, j) = −x′k(k, j) + xj (i, k), (20)
x′i (i, j) = x′k(k, j) − x′j (i, k) (21)
from (R3-1) to (R3-4) and
xk(i, j) + x′k(i, j) = 0 (22)
from (R4-1).
If i, j and k are distinct, by (15) and (18), we see that xk(i, j)=x′k(i, j). On the other hand,
by (22), we obtain 2xk(i, j)= 0 and hence xk(i, j)= x′k(i, j)= 0. By (19) and (21), we see
that xi(i, j) and x′i (i, j) are independent of the choice of i such that i = j .We denote xi(i, j)
and x′i (i, j) by zj and z′j , respectively. Finally, by (20), we obtain zj + z′j = 0. This shows
that every crossed homomorphism is a principal homomorphism. SoH 1(Aut+ Fn,H ∗)=0.
This completes the proof of Proposition 3.3. 
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Proposition 3.4. Let q2 and e1 be positive integers. For n3, we have
H 1(Aut+ Fn,A∗q) =
{
0 if (q, 2) = 1,
Z/2Z if n = 3 and q = 2e.
Proof. Principal homomorphisms are calculated in the same way as Proposition 3.3. For
f ∈ Cros(Aut+ Fn,A∗q), set f (Ey±1i ,yj ) as in (1). If (q, 2)= 1, we can show H
1(Aut+ Fn,
A∗q) = 0 in the same way as Proposition 3.3. So let q = 2e. If n4, for distinct indices
i, j and k, there is some index l such that l = i, j, k. Hence from (R2-7), we obtain
xk(i, j) = x′k(i, j) = 0. Therefore, we also obtain H 1(Aut+ Fn,A∗q) = 0.
Next we consider the case where n = 3. Since xk(i, j) = 0 for distinct indices i, j and k,
we have xk(i, j) = x′k(i, j) = xj (i, k) = x′j (i, k). We denote them by yi . By (19), we have
xi(i, j)=xk(k, j)+yi . If we exchange the roles of i and k, we obtain xk(k, j)=xi(i, j)+yk
and hence yi = yk . So, we put y = y1 = y2 = y3.
We have an isomorphism
1 : Cros(Aut+ F3, A∗q) −→(Z/qZ)3 ⊕ Z/2Z
given by 1(f ) = (x2(2, 1), x1(1, 2), x1(1, 3), y). Similar to Proposition 3.2, consider-
ing a surjective homomorphism 2 : (Z/qZ)3 ⊕ Z/2Z −→ Z/qZ ⊕ Z/2Z given by
2(w1, w2, w3, y) = y, we see that H 1(Aut+ F3, A∗q) = Z/2Z. This completes the proof.

Proposition 3.5. For any n3, we have
H1(Aut+ Fn,H ∗) =
{
Z if n4,
Z ⊕ Z/2Z if n = 3.
Proof. By the universal coefﬁcient theorem, for any Z-module A, we have the following
exact sequence:
0 → Ext1Z(H0(Aut+ Fn,H ∗), A) → H 1(Aut+ Fn,HomZ(H ∗, A))
→ HomZ(H1(Aut+ Fn,H ∗), A) → 0.
Since H0(SL(2,Z),H ∗) = 0, we see that H0(Aut+ Fn,H ∗) = 0 and hence
H 1(Aut+ Fn,H⊗ZA)  HomZ(H1(Aut+ Fn,H ∗), A). (23)
With the results of Propositions 3.1 and 3.2, we obtain this proposition. 
Similarly, we have
Proposition 3.6. For any n3, we have
H1(Aut+ Fn,H) =
{
0 if n4,
Z/2Z if n = 3.
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4. The automorphism group of a free group
In this section, we calculate the ﬁrst homology groups of Aut Fn for n3. Deﬁne an
automorphism  of Fn by the rule
y1 → y−11 , yi → yi (i = 1).
Proposition 4.1. Let q2 and e1 be positive integers. For n3, we have
H 1(Aut Fn,H) = Z,
H 1(Aut Fn,Aq) =
{
Z/qZ if (q, 2) = 1,
Z/qZ ⊕ Z/2Z if n = 3 and q = 2e.
Proof. Observing the group extension
1 → Aut+ Fn → Aut Fn → {±1} → 1,
we have the Lyndon–Hochschild–Serre spectral sequence whose E2 term is given by
E
p,q
2 = Hp({±1}, Hq(Aut+Fn,H)).
This spectral sequence induces a ﬁve-term exact sequence
0 → H 1({±1}, H 0(Aut+ Fn,H)) → H 1(Aut Fn,H)
→ H 0({±1}, H 1(Aut+ Fn,H)) → H 2({±1}, H 0(Aut+ Fn,H))
→ H 2(Aut Fn,H). (24)
Since H 0(Aut+ Fn,H) = 0,
H 1(Aut Fn,H)  H 0({±1}, H 1(Aut+ Fn,H)).
Now  generates {±1}. Observing the result of Proposition 3.1, we see that  acts on
H 1(Aut+ Fn,H) trivially. Hence we obtain H 1(Aut Fn,H) = Z. Similarly, we obtain
H 1(Aut Fn,Aq). 
Proposition 4.2. Let q2 and e1 be positive integers. For n3, we have
H 1(Aut Fn,H ∗) = 0,
H 1(Aut Fn,A∗q) =
{
0 if (q, 2) = 1,
Z/2Z if n = 3 and q = 2e.
Proof. Observing the results of Propositions 3.3 and 3.4, we can show this proposition in
the same way as Proposition 4.1. 
By the same argument in Section 3, the ﬁrst homology groups of Aut Fn are calculated.
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5. The outer automorphism group of a free group
In this section we calculate the ﬁrst homology groups of Out+ Fn and Out Fn. Let InnFn
be the group of inner automorphisms ofFn. ForM=H ,H ∗,Aq orA∗q , the spectral sequence
of the group extension
1 → InnFn → Aut+ Fn → Out+ Fn → 1
induces a ﬁve-term exact sequence
0 → H 1(Out+ Fn,M) → H 1(Aut+ Fn,M)
→H 0(Out+ Fn,H 1(InnFn,M)) → H 2(Out+ Fn,M)
→ H 2(Aut+, Fn,M). (25)
Lemma 5.1. For n3, we have
H 0(Out+ Fn,H 1(InnFn,M)) =
{Z if M = H,
Z/qZ if M = Aq,
0 if M = H ∗ or A∗q .
Proof. Observing the action of Out+ Fn on M, we can show this lemma easily. For details,
see [6]. 
Proposition 5.1. For n3, we have
H 1(Out+ Fn,H) = 0.
Proof. Observing our results of Proposition 3.1, we see that the map  is regarded as a map
from Z to Z given by 1 → n − 1. Hence H 1(Out+ Fn,H) = 0. 
Proposition 5.2. Let q2 be a positive integer.
(1) If n4,
H 1(Out+ Fn,Aq) =
{0 if (q, n − 1) = 1,
Z/qZ if q|(n − 1),
Z/(n − 1)Z if (n − 1)|q.
(2) If n = 3,
H 1(Out+ F3, Aq) =
{
0 if (q, 2) = 1,
Z/2Z ⊕ Z/2Z if q = 2e.
Proof. If n4 or (q, 2) = 1, we calculate H 1(Out+ Fn,Aq) in a manner similar to that in
Proposition 5.1. Forn=3 and q=2e, we haveH 1(Aut+ F3, Aq)=Z/qZ⊕Z/2Z. So, let f and
g be the generators ofZ/qZ andZ/2Z, respectively. Observing the result of Proposition 3.2,
we see that (f )=2 and (g)=0. Therefore we obtain H 1(Out+ F3, Aq)=Z/2Z⊕Z/2Z.

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Lemma 5.2. Let M = H ∗ or A∗q . For n3,
H 1(Out+ Fn,M)  H 1(Aut+ Fn,M).
Proof. This lemma immediately follows from Lemma 5.1. 
By the same argument in Section 3, the ﬁrst homology groups of Out+ Fn are calculated.
Furthermore, observing the spectral sequence of the group extension
1 → Out+ Fn → Out Fn → {±1} → 1,
we also calculate the ﬁrst homology groups of Out Fn in a manner similar to that in
Section 4.
6. The case where n = 2
In this section we consider the case where n= 2. By Remark 2.2, we have a presentation
for Aut+ F2 given by generators {Ey±11 y2 , Ey±12 y1} and relations
(R2-1) [Eyiyj , Ey−1i yj ] = 1,
(R4-1)′ w−1
y±1i yj
Eykylwy±1i yj
= E(yk)(yl ),
(R4-2)′ w−1
y±1i yj
E
y−1k yl
w
y±1i yj
= E(y−1k )(yl ),
(R5-1) w4yiyj = 1.
Using Titze transformations, we modify this presentation.
Lemma 6.1. Aut+ F2 has a presentation given by generators {Ey±11 y2 , Ey±12 y1} and rela-
tions
(R2-1-1) [Ey1y2 , Ey−11 y2 ] = 1,(R2-1-2) [Ey2y1 , Ey−12 y1 ] = 1,
(R4-1-1)′ w−1y1y2Ey1y2wy1y2 = Ey−12 y1 ,
(R4-1-2)′ w−1y1y2Ey−11 y2wy1y2 = Ey2y1 ,
(R4-2-1)′ w−1y1y2Ey2y1wy1y2 = Ey1y−12 ,
(R4-2-2)′ w−1y1y2Ey−12 y1wy1y2 = Ey−11 y−12 ,
(R5-1-1) w4y1y2 = 1.
Proof. We observe that relations (R2-1-1)–(R5-1-1) are satisﬁed in Aut+ F2. So we pro-
ceed to verify that the relations (R2-1)–(R5-1) are satisﬁed using only (R2-1-1)–(R5-1-1).
Clearly, (R2-1) follows from (R2-1-1) and (R2-1-2). Next, we show that the relation
w−1y2y1Ey±1k ylwy2y1 = E(y±1k )(yl ) (26)
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follows from the relations (R4-1-1)′–(R4-2-2)′. Observing thatw−1yiyj =wyiy−1j sinceE
−1
ab =
Eab−1 , we have
w
y1y
−1
2
Ey1y2w
−1
y1y
−1
2
= E
y−12 y1
by (R4-1-1)′. Taking a conjugate by w3y1y2 ,
wy2y1Ey2y
−1
1
w−1y2y1 = Ey1y2 ,
since w−3y1y2wy1y−12 w
3
y1y2 =wy2y1 . This is one of the relations of type (26) and the others also
follow. By (R5-1-1), we see that w4
y1y
−1
2
= 1. Hence we have w4y2y1 = 1. This completes the
proof of lemma. 
Using this presentation, we calculate the ﬁrst homology groups of Aut F2 and Out F2 in a
manner similar to that in the case where n3. So we leave these calculations to the reader.
(See [6].)
7. Some consequences
In this section, we give some remarks related to our results.
Proposition 7.1. Forn3, the second cohomology groupH 2(Out Fn,H) has a non-trivial
torsion element.
Proof. Observing theﬁve-termexact sequence (25) forM=H ,we see thatH 2(Out+ Fn,H)
has an (n − 1)-torsion element. Hence H 2(Out Fn,H) also has this torsion element. 
Next, we show that the generator of H 1(Aut+ Fn,H) = Z is induced by the Magnus
representation of Aut+ Fn. For any generator yj (1jn) of Fn, let

yj
: Z[Fn] −→ Z[Fn]
be the Fox-free derivatives. (See [1].) Let ¯ : Z[Fn] → Z[Fn] be the antiautomorphism
induced from the map Fn  y → y−1 ∈ Fn. Then the Magnus representation r of Aut+ Fn
is deﬁned to be
r : Aut+ Fn −→ GL(n,Z[Fn])
 →
(
(yj )
yi
)
(i,j)
.
Let ∗ : Z[Fn] → Z[Fn] be the automorphism of Z[Fn] induced from . The map r
satisﬁes
r() = r() · r(). (27)
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Here r() denotes the matrix obtained from r() by applying ∗ on each entry. (See [5].)
Let a′ : GL(n,Z[Fn]) → GL(n,Z[H ]) be the homomorphism induced from the abelia-
nizer a : Fn → H and det : GL(n,Z[H ]) → Z[H ] the determinant homomorphism. Then
we put
fM = det ◦ a′ ◦ r : Aut+ Fn −→ Z[H ].
Lemma 7.1. The map fM is a crossed homomorphism from Aut+ Fn to H and generates
H 1(Aut+ Fn,H).
Proof. By (27), it follows that fM is a crossed homomorphism. On the other hand, we see
that
fM(Eyiyj ) = 1, fM(Ey−1i yj ) = yj .
This shows that image of f is included inH. Furthermore, observing our result of Proposition
3.1, we see that f generates H 1(Aut+ Fn,H). 
Remark 7.1. We should remark that the same argument does not hold in the case
H 1(Aut Fn,H). In this case, the image of the crossed homomorphism fM : Aut Fn →
Z[H ] is not included in H.
Morita [4] calculated H 1(Mg,1, H1(g,1,Z)) = Z and showed that the generator of
H 1(Mg,1, H1(g,1,Z)) is also given by the Magnus representation of Mg,1. (See [5].)
Hence we have
Corollary 7.1. The natural map Mg,1 ↪→ Aut+ F2g induces an isomorphism
res : H 1(Aut+ F2g,H) → H 1(Mg,1, H1(g,1,Z)).
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